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Abstract. We determine, for the elliptic curve defined by the equation in the title,
the structure of the Mordell-Weil lattice of rank 18, the splitting field and a set of explicit
generators of k(t)-rational points. An interesting feature is the close connection of such a
diophantine question for a K3 surface with the sphere packing problem.
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In this paper, we study the Mordell-Weil lattice (MWL) of the elliptic curve defined
over the rational function field Q(t) by the equation:
E : y2 = x3 + t5 − 1
t5
− 11 . (1.1)
Throughout the paper, let M := E(k(t)) where k = Q̄ denotes the algebraic closure of Q
(unless otherwise mentioned). The motivation for the problem and the general background
of will be postponed to the next section.
Our goal in this paper is to establish the following results:
THEOREM 1.1 (Structure of Mordell-Weil lattice). The Mordell-Weil latticeM is a
positive-definite even integral lattice of rank 18, with minimal norm 4 and determinant
1023. Thus the center density is equal to δ(M) = 1/10√3.
Let T = t5 and s = t − 1/t . Since
T − 1
T
= t5 − 1
t5
= s5 + 5s3 + 5s , (1.2)
E is defined over k(T ) as well as over k(s).
Let ω (or ζ5) be a fixed primitive third (or fifth) root of unity. Note that P = (x, y) →
ωP := (ωx, y) defines a lattice automorphism of M , and we denote by σ ∈ Aut(M) the
automorphism induced by t → ζ5 t .
THEOREM 1.2 (Important sublattices). LetM0 = E(k(T )) andL = E(k(s)), viewed
as sublattices in M = E(k(t)). Then we have
(i) M0 ∼= A2[10], detM0 = 1023.
(ii) L ∼= E8[2]. Let L′ := Lσ ⊂ M and let M1 := L + L′ be the sublattice
generated by L and L′ in M . Then M1 has rank 16 and detM1 = 54.
(iii) The index of M0 +M1 in M is equal to 52, and detM = 1023.
THEOREM 1.3 (Generators of rational points). (i) M0 is generated by the
k(T )-rational points P0, ωP0 defined by (4.2). (ii) L is generated by 8 k(s)-rational points
Ri(s) (1 ≤ i ≤ 8), with the coordinates (xi(s), yi(s)) given by polynomials of degree
2 and 3 in s (see §5). (iii) M1 = L + L′ is generated by the 16 k(t)-rational points
{Ri(t − 1/t), Ri(ζ5t − 1/ζ5t) (i ≤ 8)} (§6). (iv) There is a point P ∈ M such that
5P = Q+ (1− ω)P0
for a suitable Q ∈ M1, and P,ωP generateM/(M0 +M1) (§7).
The splitting field of E/Q(t) is the smallest extension K/Q such that E(k(t)) =
E(K(t)). Equivalently K is the subfield of k obtained by adjoining to Q all the coefficients
of a set of generators of E(k(t)). For the definition of the specialization homomorphism,
see [14], [15] and §5, §6 below.
THEOREM 1.4 (Splitting field and specialization homomorphism).
(i) The splitting field K is given by Q(ω, ζ5, 3
√
10).
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(ii) The specialization homomorphism sp∞ : E(k(t)) → k induces an exact se-
quence of Z-modules:
0 −→ M0 −→ M sp∞−−−−→V −→ 0 (1.3)
where V = Im(sp∞) is a rank 16 module contained in K (§6).
Note that the associated elliptic surface (Kodaira-Néron model) of the elliptic curve
(1.1) is a K3 surface, and the rank of E(k(t)) here attains the maximum possible value 18
for an elliptic K3 surface in characteristic 0.
We thank M. Schütt and H. Usui for useful discussion.
NOTATION. For a lattice L with the bilinear pairing 〈, 〉, we denote by L[m] the
lattice which is the same module L with the bilinear pairing multiplied by m (m being any
nonzero rational number). We denote by detL the absolute value of the determinant of the
Gram matrix for L; thus we have detL[m] = (detL)mr if r is the rank of L and m > 0.
For the root lattices A2 and E8 as well as for the sphere packings, we refer to the standard
book of Conway-Sloane [2].
For the singular fibres of an elliptic surface, we follow Kodaira’s notation [6]; we use
freely [6] and [23].
2. General background
Let E be an elliptic curve over the function field K = k(C) where C/k is a curve
over an algebraically closed base field k. The group E(K) of the K-rational points of
E is a finitely generated abelian group under a mild condition; for example, this holds
if the associated elliptic surface f : S → C (with the generic fibre E) has at least one
singular fibre. One can define a natural pairing on E(K), the height pairing, by means of
the intersection theory on the elliptic surface S, which makes E(K) modulo torsion into
a positive-definite lattice. This is called the Mordell-Weil lattice (MWL) of E/K or of
f : S → C (see [13]). (Note that we are considering only elliptic surfaces admitting a
section, since E/K is an elliptic curve given with the origin of the group law.) The rank r
of E(K) is related to the Picard number ρ of S by the standard formula:
ρ = r + 2+
∑
v
(mv − 1) . (2.1)
Here the summation runs over all v ∈ C where the fibre f−1(v) is a reducible fibre with
mv > 1 irreducible components.
Given E/K , it is a typical Diophantine problem to determine the rank of the Mordell-
Weil group E(K), its torsion subgroup, or the structure of the MWL. Further, when E/K
is given by an equation (say by a Weierstrass equation), it is a natural question to ask for a
set of explicit generators of E(K).
Now we assume that K = k(t) is the rational function field, i.e. C = P1t is the
projective t-line, and that char(k) = 0. Then it is still an open question whether or not the
rank of E(K) can be arbitrarily large. (N.B. The corresponding fact in case char(k) > 0
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is known, i.e. the rank is not bounded. This has been proved by Shafarevich and Tate
[11] using supersingular Fermat curves and by Shioda [12] using supersingular Fermat
surfaces.)
The elliptic surface S associated to E/K is classified by the arithmetic genus χ =
pg − q + 1 where pg , q respectively denote the geometric genus and irregularity of the
surface. Here we have q = 0 since C = P1, and χ can take every positive value 1, 2, 3, . . . .
The case χ = 1 characterizes S to be a rational elliptic surface (RES). In this case,
we have almost complete knowledge about the structure of Mordell-Weil lattices and about
how to find explicit generators of E(K) (cf. [13], [9]). For instance, the maximum rank
for a RES is r = 8, and it is attained if and only if f : S → P1 has no reducible fibres. In
this case, the MWL is isomorphic to the root lattice E8, the unique positive-definite even
unimodular lattice of rank 8.
The next case χ = 2 corresponds to the elliptic K3 surfaces. In this case, our knowl-
edge about MWL is not so complete as in the case of RES, but it is known that the maximum
rank for an elliptic K3 is 18 (in char 0) and that every value r = 0, 1, 2, . . . , 18 can occur
(Cox [3]).
Now let us focus on the case of maximum rank r = 18. This is possible only if
ρ = 20, i.e. for singular K3 surfaces. The classification of singular K3 surfaces has been
established by Inose and Shioda [5], based on the Torelli theorem by Piateckii-Shapiro and
Shafarevich [10]. About the question as to which singular K3 admits an elliptic fibration
with maximum rank 18, the first answer is due to Nishiyama [8] who has found an infinite
series of such by a lattice-theoretic method.
Kuwata [7] has used Inose’s work [4] to produce K3 with high rank up to 18 via the
base change from a suitable elliptic fibration on the Kummer surface Km(A) of the product
of two elliptic curvesA = C1×C2. The advantage of this approach is that the K3 surfaces











The elliptic surface defined by F (2)α,β is isomorphic to Km(A) where α, β are determined by
the absolute invariants j1, j2 of the elliptic curves C1, C2 by the rule:
α3 = j1j2, β2 = (1− j1)(1− j2) . (2.3)
We note that the absolute invariant j is normalized here so that j = 1 for y2 = x3 − x and
j = 0 for y2 = x3 − 1.
Let F(n) denote the elliptic surface corresponding to the elliptic curve F (n)/k(t). For
any positive integer n ≤ 6, F(n) is an elliptic K3 surface, and its Mordell-Weil rank is given
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by the following formula:
r(n) = h+Min{4(n− 1), 16} −
⎧⎨
⎩
0 if j1 = j2
n if j1 = j2 = 0, 1
2n if j1 = j2 = 0 or 1
(2.4)
where h denotes the rank of Hom(C1, C2). In particular, we have r(n) = h+ 16 if j1 = j2
and n = 5 or 6.
In this paper, we study a single special case where the rank takes the maximum possi-
ble 18. The equation (1.1) can be transformed to F (n)α,β for n = 5, α = 0, β = 11
√−1/2 by
a simple coordinate change of x, y, t . This corresponds, by [21, §8], to the case where the
two elliptic curves are:
C1 : y2 = x3 − 1 (j1 = 0) , C2 : y2 = x3 − 15x + 22 (j2 = 53/4) . (2.5)
Here C1 has the endomorphism ring Z[ω], and C2 is related to it by a 2-isogeny ϕ : C1 →
C2. Hence we have h = 2 and r = 18. The construction in the present paper will reprove
these facts.
Beyond the case of rational or K3 elliptic surfaces, the highest rank for E/k(t) in char
0 presently known is r = 68, and it is attained by the equation (2.2) with n = 180, α =
β = 0. We discovered this fact about two decades ago ([16], cf. [1], [24]), but no progress
has been reported since then on the subject.
3. Galois set-up for studying M = E(k(t))
Now we consider the elliptic curve (1.1)
E : y2 = x3 + t5 − 1
t5
− 11 .
As stated in the Introduction, our goal is to completely understand the Mordell-Weil lattice
M = E(k(t)).
Set
s = t − 1
t
, T = t5 , w = T − 1
T
. (3.1)
Then we have the identities:
t5 − 1
t5






= s5 + 5s3 + 5s . (3.3)
Hence the elliptic curve E is actually defined over k(w) by the equation:
E : y2 = x3 +w − 11 , (3.4)
and we are to determine the group of k(t)-rational pointsE(k(t)) (of rank 18) together with
explicit generators.
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Observe that the field extension k(t)/k(w) is a Galois extension with the Galois group
G = 〈σ, τ 〉, where we denote by
σ : t → ζ5 · t , τ : t → −1
t
(3.5)
(with ζ5 a primitive 5-th root of unity). Thus G is the dihedral group of order 10, and the
intermediate fields of k(t)/k(w) correspond to the subgroups of G by Galois theory. In

















To study E(k(t)), we start by considering the Mordell-Weil lattices of E over various
subfields. We keep the following notation throughout the paper:
M = E(k(t)) , M0 = E(k(T )) , L = E(k(s)) , L′ = E(k(s′)) (3.7)
where we let s′ = sσ = ζ5t − 1/(ζ5t) ∈ k(t).
PROPOSITION 3.1. E/k(s) defines a rational elliptic surface over the s-line:
E : y2 = x3 + s5 + 5s3 + 5s − 11 . (3.8)
It has six irreducible singular fibres of type II , and the MWL L=E(k(s)) is isomorphic to the
root lattice E8 of rank 8. There are 240 k(s)-rational points P ∈ L of height 〈P,P 〉 = 2,
corresponding to the 240 roots of E8, and L is generated by a suitable set of 8 such points.
Proof. See [13, Th. 10.4] or [14, §8]. 
The explicit computation of L = E(k(s)) will be given in §5.
PROPOSITION 3.2. E/k(T ) defines an elliptic K3 surface over the T -line:
E : y2 = x3 + T − 1
T
− 11 . (3.9)
It has two singular fibres of type II∗ at T = 0 and∞, and two singular fibres of type II
at T 2 − 11T − 1 = 0. The MWL M0 = E(k(T )) is isomorphic to A2[2] where A2 is the
root lattice of rank 2.
Proof. The first half is easily verified. The last statement follows from [21, Th.
6.3]. 
We give explicit generators of M0 = E(k(T )) in §4.
PROPOSITION 3.3. When we regard L and M0 as sublattices of M via the natural
inclusion, we have (i) L ∩M0 = {0}, (ii) L ∼= E8[2], and (iii) M0 ∼= A2[10].
Proof. First we have
L ∩M0 = E(k(s) ∩ k(T )) = E(k(w)) = {0} .
This is because the elliptic surface over the w-line defined by (3.4) is a rational elliptic
surface with the singular fibre II∗ at w = ∞, and hence the Mordell-Weil group is trivial.
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Next L ⊂ M means that an element P ∈ L is viewed as an element of M . In this process,
the section (P ) of the RES over the s-line is transformed to the induced section of the
elliptic K3 surface over the t-line, i.e. we are looking at the effect of the base change
s = t − 1/t of degree 2. Then the height 〈P,P 〉 is multiplied by 2 by [13, Prop.8.12], and
hence E8 is replaced by E8[2]. In the same way, the MWL M0 = A2[2] is to be replaced
by A2[2][5] under the base change T = t5 of degree 5. 
PROPOSITION 3.4. With respect to the action of the automorphism σ on M =
E(k(t)), let L′ = Lσ = E(k(s′)) denote the image of L = E(k(s)) ⊂ M . Then L′ ∼= L is
a sublattice of M isomorphic to E8[2]. Furthermore L∩L′ = {0} andM1 := L+L′ span
a sublattice of rank 16 in M .
Proof. Note that we have k(s) ∩ k(s′) = k(w) by Galois theory. It follows then that
L ∩ L′ = E(k(w)) = {0}, as before. Other assertions are clear. 
In §6, we see more directly that rk(L+ L′) = 16, either 1) by using the specializaion
map sp∞, or 2) by computing the height matrix of the 16 points. Both methods are useful
for getting further information: the first one for the splitting fields, while the second one
for the lattice property.
In §7, we make a combined use of the specialization homomorphisms and the height
matrix, and find some new rational points in M to fill up a finite index gap of M0 +M1 in
M .
4. Generators of M0 = E(k(T ))
Let us consider the elliptic curve E/k(T ), (3.9):
E : y2 = x3 + T − 1
T
− 11 . (4.1)
The following result gives the explicit generators of M0 = E(k(T )) (cf. [1] and [19, §4,
Ex.(2)]):
PROPOSITION 4.1. The MWL E(k(T )) of rank 2 is generated by the two points
































Proof. Once the point P0 is given as above, it is immediate to check that it be-
longs to M0 = E(k(T )). From our previous work [21], we know in general (for F (n))
that M0 ∼= Hom(C1, C2)[2], and C1, C2 are now given by (2.5). It follows that M0 ∼=
A2[2] and it has minimal norm (or height) 4. A little computation leads to identifying the
point. 
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For a moment, look at the k[T ]-integral model:
E0 : η2 = ξ3 + T 5(T 2 − 11T − 1) . (4.3)
This is obtained by multiplying T 6 to the equation (4.1). The rational point P0 has the
coordinates (ξ0, η0) where
ξ0 = −1
12




2 + 1)(T 4 − 18T 3 + 74T 2 + 18T + 1) . (4.5)
Then consider a new elliptic curve E/k(T ):
E : Y 2 = X3 − 3ξ0X − 2η0 . (4.6)
The associated elliptic surface S over the T -line is a rational elliptic surface since deg ξ0 =
4, deg η0 = 6 in T . Its discriminant is equal (up to a constant) to
ξ30 − η20 = −T 5(T 2 − 11T − 1) ,
hence it has the singular fibres of type I5 at T = 0,∞ and of type I1 at the two roots of
T 2 − 11T − 1 = 0. Namely S is a semi-stable RES of fibre type [5, 5, 1, 1].
Note that this argument can be reversed (cf. [21, §8]). Start from any model (e.g.
a linear pencil of cubics in P2) of a RES with a section and of fibre type [5, 5, 1, 1]. It
is elementary to transform it to an elliptic curve with the Weierstrass equation over k(T ).
Then its coefficients gives a rational point P0 = (ξ0, η0) of height 4 in E(k(T )), which
corresponds to P0 in the above proposition up to a coordinate change.
5. Computation of L = E(k(s))
5.1. The fundamental polynomial
The rational elliptic surface corresponding to E/k(s)
E : y2 = x3 + s5 + 5s3 + 5s − 11 . (5.1)
is a special case of what we have studied as Case (E8) in our paper [14, §8]. The MWL
L = E(k(s)) is isomorphic to E8, and the 240 points of L corresponding to the 240 roots





(s2 + as + b), 1
u3
(s3 + cs2 + ds + e)
)
(5.2)
for suitable constants u, a, b, c, d, e. Let us briefly outline how to determine these con-
stants. Substituting the coordinates of P into the equation (5.1), we get six relations among
u, a, b, c, d, e. It is immediate that c, d, e are uniquely determined by u, a, b:
c = (3a + U)/2 , d = (2a2 + 3b − c2)/2 , e = (a3 + 6ab − 2cd + 5U)/2 (5.3)
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where we set U = u6. Then we get three relations among b, a,U of respective degree
2, 2, 3 in b. By taking the polynomial remainder of the quotient of one quadratic polynomial
in b by the other, we get a linear relation in b:
ψ0(b; a,U) = 0 . (5.4)
Eliminating b, we get two relations:
ψ1(a,U) = 0 , ψ2(a,U) = 0 (5.5)
which are of degree 7 or 8 in a (as well as in U ). By taking the resultant of ψ1, ψ2 w.r.t. a,
we get finally a monic polynomialΦ(U) in U of degree 40 with integral coefficients.
The polynomialΦ(U) decomposes into six irreducible factors in Z[U ]:
Φ1(U)=U2 + 40U + 80 , (5.6)
Φ2(U)=U2 + 50U + 125 , (5.7)
Φ3(U) = U6 − 170U5 − 2965U4 − 28900U3 − 105425U2 − 803250U + 91125 (5.8)
and three more Φ4(U),Φ5(U),Φ6(U) of respective degree 6, 12, 12.
The polynomial Φ(u6) of degree 240 in u is the fundamental polynomial for our el-
liptic curve E/Q(t). For each zero u of the fundamental polynomial, there is at least one
common zero a of (5.5). When u and a are chosen this way, there is at least one b which
satisfies the 3 relations among b, a,U mentioned above. Thus each zero u of the funda-
mental polynomial corresponds to at least one rational point P ∈ L = E(k(s)) of the form
(5.2), and this correspondence turns out to be one to one.
Moreover the map P → u = sp∞(P ) extends to the specialization homomorphism:
sp∞ : E(k(s))→ k (5.9)
of the Mordell-Weil group to the additive group of the field k. By definition, it maps
Q ∈ E(k(s)) to the intersection point of the section (Q) and the fibre over∞ which lies in
the smooth part of the additive singular fibre f−1(∞) (cf. [14, Lemma 8.2]).
5.2. Eight independent points
Now we consider the two roots of Φ1(U) = 0. First let
U1 = −4(5+ 2
√
5) = −4√5(√5+ 2) = −4√5 · ε3 (5.10)
where ε denotes the fundamental unit of the quadratic field Q(
√
5):
ε = (1+√5)/2, ε′ = (1−√5)/2, ε · ε′ = −1 . (5.11)
Let u1 be a 6-th root of U1; to fix the idea, we choose u1 to be the unique one which is
equal to eπi/6 times the positive number (4(5+ 2√5))1/6.
The other root of Φ1(U) = 0 is equal to
U2 = −4(5− 2
√
5) = −4√5(√5− 2) = −4√5 · ε−3 , (5.12)
and we take u2 = U1/62 in a similar way. Observe that the ratio of U2/U1 is equal to the
6-th power of u2/u1 = ε−1.
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Next we look at the two roots of Φ2(U) = 0:
U3 = −5(5+ 2
√
5) = −5√5 · ε3 , (5.13)
U4 = −5(5− 2
√
5) = −5√5 · ε−3 , (5.14)
and choose the 6-th roots u3 = U1/63 , u4 = U1/64 as before. Note that we have











It follows that u1, u2, u3, u4 are linearly independent elements of k over Q, because
1, ε−1, (5/4)1/6, ε−1(5/4)1/6 are.
Let us write down the points Pi ∈ E(k(s)) with sp∞(Pi) = ui . First let u = u1 so
that U = U1. Then, as a common solution of (5.5), we find a = 3 +
√
5. Next, solving
(5.4), we obtain b = (7+ 3√5)/2. Then (5.4) gives c, d, e as follows:
c = −(11+ 5√5)/2, d = −(9+ 5√5)/2, e = −(16+ 5√5) .





s2 + (3+√5)s + (7+ 3√5)/2
u21
,




In the same way, we have
P2 =
(
s2 + (3−√5)s + (7− 3√5)/2
u22
,






s2 + (3+ 2√5)s + (1− 2√5)
u23
,






s2 + (3− 2√5)s + (1+ 2√5)
u24
,




The automorphism group of the elliptic curve E/k(s) is isomorphic to μ6, the group
of 6-th roots of unity. It acts on E(k(s)) as ωP := (x/ω2, y/ω3) for each ω ∈ μ6 and
P = (x, y). It is immediate that
sp∞(ωP) = ω · sp∞(P ) . (5.20)
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Thus the μ6-orbits on the 240 points of the form (5.2) correspond bijectively to the zeroes
U(= u6) of Φ(U).
PROPOSITION 5.1. (i) The specialization homomorphism sp∞ is an isomorphism
from E(k(s)) to its image in k. (ii) Fix a primitive cube root of unity ω. The eight points
{Pi, ωPi (1 ≤ i ≤ 4)} of L = E(k(s)) given by (5.16), . . . , (5.19) are mutually indepen-
dent, and generate a sublattice of L ∼= E8 of finite index.
Proof. Applying the specialization homomorphism sp∞ to these 8 points, we obtain
8 elements {ui, ωui (1 ≤ i ≤ 4)} of k. Dividing them by u1 = 0 and using (5.15), (5.20),
the 8 elements are:
{1, ε−1, (5/4)1/6, ε−1(5/4)1/6, ω, ωε−1, ω(5/4)1/6, ωε−1(5/4)1/6} . (5.21)
Obviously these 8 elements are linearly independent elements of k over Q. Thus the image
Im(sp∞) contains a rank 8 submodule of k, and hence the specialization map sp∞ must be
injective. This proves (i) and (ii) 
PROPOSITION 5.2. The splitting field of the elliptic curve E/Q(s) is equal to the
extension K = Q(ω, ζ5, 3
√
10) of degree 24 over Q.
Proof. By (i) of the above proposition, we have aGal(k/Q)-equivariant isomorphism
of L = E(k(s)) to Im(sp∞). Hence the splitting field is equal to the extension of Q
generated by the image. The latter is obtained from Q(ω)(ui/uj ) = Q(ω,
√
5, (5/4)1/6)
by adjoining u1, or any other ui . Observe that we have by (5.13)
u63 = U3 = (−
√
5ε)3 .
Hence u3 is equal, up to a 6-th root of unity, to
√
−√5ε, which is nothing but the imaginary
part of ζ5 = e2πi/5. This shows that K = Q(ω, ζ5, (5/4)1/6) = Q(ω, ζ5, 3
√
10). 
COROLLARY 5.3. All the zeroes of the fundamental polynomial Φ(U) are 6-th
powers in the field K = Q(ω, ζ5, 3
√
10), and Φ(u6) splits completely into a product of
linear factors in K[u].
Proof. Obvious. (N.B. The polynomials (or algebraic equations) arising from Mordell-
Weil lattices share this kind of phenomena; cf. [17].) 
COROLLARY 5.4. The (affine) elliptic curve E/k(s) has exactly 240 k[s]-integral
points (i.e. points with polynomial coordinates), and they are all of the form (5.2).
Proof. Since the specializtion homomorphism sp∞ is injective, we can apply
[20, Th. 2]. 
5.3. The height computation
Now we compute the height pairing of the said eight points of L.
Recall (([13, Th. 8.2]) the height formulae for the MWL of an elliptic surface S
without reducible fibres. (For a moment, let E/K be the generic fibre.) For any P,Q ∈
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E(K), we have
〈P,P 〉 = 2χ(S)+ 2(PO) (5.22)
and
〈P,Q〉 = χ(S)+ (PO)+ (QO)− (PQ) . (5.23)
Here χ(S) is the arithmetic genus of S, and (PQ) denotes the intersection number of
two sections (P ) and (Q) on the elliptic surface; (O) is the zero-section corresponding to
O ∈ E(K).
For our caseE/k(s) with S being a rational elliptic surface (χ = 1), 〈P,P 〉 = 2 holds
if and only if (PO) = 0, i.e. the section (P ) is disjoint from (O). Since E(k(s)) ∼= E8,
there exist 240 such P ’s, and the condition (PO) = 0 implies that P takes the form (5.2).
Thus, for two elements P,Q of minimal height 2, (5.23) says that
〈P,Q〉 = 1− (PQ) . (5.24)
We insert here an elementary general lemma which should be wellknown:
LEMMA 5.5. Suppose that E/K is any elliptic curve of the form E : y2 = x3 + a
(a = 0, a ∈ K) such that E(K) is a lattice equipped with a non-degenerate symmetric
bilinear pairing modulo torsion. Assume that K contains a primitive cube root of unity ω
and that the automorphism P = (x, y) → ωP := (ωx, y) leaves the pairing invariant.
Then, for any point P ∈ E(K) with 〈P,P 〉 = 0, we have 〈P,ωP 〉 = −1/2〈P,P 〉 and
{P,ωP } spans a rank two sublattice similar to A2.
Proof. Take any pointP ∈ E(K)with 〈P,P 〉 = 0, and let 〈P,ωP 〉 = b. Then by the
assumption, we have also 〈P,ω2P 〉 = b. On the other hand, the three points {P,ωP,ω2P }
are collinear (lying on a line y = const), and hence we have P + ωP + ω2P = O . This
implies 〈P,P 〉 + b + b = 0. Thus we have b = −1/2〈P,P 〉 and the Gram matrix of
{P,ωP } is proportional to A2. 
Going back to our case E/k(s), the lemma implies that for each i ≤ 4, the pair
{Pi, ωPi} generates a sublattice ∼= A2. We claim:
PROPOSITION 5.6. The four rank 2 sublattices of L = E(k(s)) generated by
{Pi, ωPi} are mutually orthogonal with respect to the height pairing. The sublattice L1
generated by the eight points {Pi, ωPi(i ≤ 4)} is isomorphic to A⊕42 ⊂ E8, and the quo-
tient L/L1 is (Z/3Z)⊕2.
Proof. The determinant of A⊕42 is equal to (detA2)4 = 34, and hence it is of index
32 in E8. Further E8 is contained in the dual lattice of A
⊕4




Therefore the second assertion follows from the first one.
Let us show that 〈P1, P2〉 = 0. By (5.24), this is the case iff (P1P2) = 1, i.e. iff
(PO) = 1 for P = P1−P2. Namely the section (P ) should intersect the zero-section (O)
at exactly one point with multiplicity 1; if the intersection point lies over s = s0 ∈ P1, then
s0 = ∞ because we have sp∞(P1) = sp∞(P2).
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In general, if Pi = (xi, yi), the addition formula on the elliptic curve E gives:
x(P1 − P2) = −x1 − x2 + l2, l := y1 + y2
x1 − x2 . (5.25)
In our case, x1, x2 (resp. y1, y2) are polynomials in s of degree 2 (resp. 3). Thus, to verify
that (PO) = 1 for P = P1 − P2, we have to show that the rational function l has only
one simple pole (say, at s = s0). In other words, the two polynomials x1 − x2 and y1 + y2
should have precisely one common factor of degree 1.
By (5.16), (5.17) and by using u2/u1 = ε−1, we can check the following:
















(γ, γ ′, . . . denote some constants.) This proves (P1P2) = 1 (with s0 = 1 +
√
5) and
〈P1, P2〉 = 0.
Next let us check 〈P ′1, P2〉 = 0 for P ′1 = ωP1. In this case, we have:











while y1 + y2 is the same as above (P ′1 and P1 have the same y-coordinate). Hence we
have (P ′1P2) = 1 (with s0 = (−7 + 5
√−3 + √5 +√−15)/8) and thus we have verified
〈ωP1, P2〉 = 0.
By a similar computation, we see that the four pairs {Pi, ωPi} are mutually orthogonal,
which proves the proposition as remarked at the beginning of the proof. 




2 −1 0 0 0 0 0 0
−1 2 0 0 0 0 0 0
0 0 2 −1 0 0 0 0
0 0 −1 2 0 0 0 0
0 0 0 0 2 −1 0 0
0 0 0 0 −1 2 0 0
0 0 0 0 0 0 2 −1




5.4. Generators of L = E(k(s))
In order to generate the Mordell-Weil group L = E(k(s)), it is necessary to have two
more points, say P5 and P6, such that 3P5, 3P6 ∈ L1. They are to generate the full MWL
L ∼= E8, together with the eight points {Pi, ωPi(i ≤ 4)} constructed from the two quadratic
factors Φ1(U) and Φ2(U) given by (5.6) and (5.7) of the fundamental polynomialΦ(U).
Now we look at the third factor Φ3(U) of degree 6 given by (5.8). Although this
polynomial should be factorized in the splitting field K (see Cor. 5.3), the machine does
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not seem to return the answer quickly (at least on our computer with Mathematica). By
letting U = U1V and regarding Φ3(U) as a polynomial in V , however, it is decomposed
into a product of linear factors of V . By solving the latter, we obtain 6 solutions, and one
of them is given as follows:
V = − 1
24
(18+ 6√5+ 22/351/6 + 8 · 21/355/6 + 9 · 102/3) . (5.27)
This value of V itself should be a 6-th power in K, but it does not seem to be practical to
ask the machine to compute the 6-th root. Later we find a 6-th root of V explicitly by using
the specialization homomorphism; see (5.32).




(22+ 12√5+ 15 · 22/351/6 + 6 · 21/355/6 + 10 · 101/3 + 7 · 102/3) (5.28)
which determines the coefficients b, c, d, e of P5 as before. Computing the height pairing of
P5 with the eight points, and solving the linear equation with the coefficient matrix (5.26),
we have the relation:
3P5 = (1− ω)P1 + (1− ω)P2 + (1− ω)P4 . (5.29)
(Here we mean by (1 − ω)Pi the difference Pi − ωPi .) Let P6 = P ′5 denote the image of
P5 under an automorphism in Gal(K/Q(ω)) sending u3 to u4. Since this automomorphism
maps U3 to U4, it changes the sign of
√
5. Hence it also interchanges the μ6-orbits of P1
and P2. Then it follows from (5.29) that
3P6 = (1− ω)P ′1 + (1− ω)P ′2 + (1− ω)P3
whereP ′1 (resp. P ′2) is the image ofP1 (respP2); we can check thatP ′1 = P2 andP ′2 = −P1.
Thus we have
3P6 = (1− ω)(−P1 + P2 + P3) . (5.30)
By the relations (5.29), (5.30), we can expressωP3, ωP4 in terms ofP1, ωP1, P2, ωP2,
P3, P4 and P5, P6, which proves the following result:
PROPOSITION 5.7. L = E(k(s)) is generated by the 8 points
{P1, ωP1, P2, ωP2, P3, P4, P5, P6} .
The height matrix of the 8 points {ω′P1, ω′P2, P1, P2, P3, P4, P5, P6} (ω′ = ω2) is
equal to the following m2, and one checks easily that it is unimodular (as it should be for
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2 0 −1 0 0 0 0 0
0 2 0 −1 0 0 0 0
−1 0 2 0 0 0 1 −1
0 −1 0 2 0 0 1 1
0 0 0 0 2 0 0 1
0 0 0 0 0 2 1 0
0 0 1 1 0 1 2 0








(1− ω)(u1 + u2 + u4) = 1
12
(1− ω)(2+ 2√5− 22/351/6 + 102/3)u1 . (5.32)
One checks that (u5/u1) is equal to a 6-th root of V in (5.27). Similarly, we have
u6 := sp∞(P6) = 1
3
(1− ω)(−u1 + u2 + u3) (5.33)
and (u6/u1) gives a 6-th root of another V ′ satisfying Φ3(V ′U1) = 0.
REMARK. The proof of Prop. 5.7 above gives, as a by-product, a construction of the
lattice E8 as an Eisenstein lattice, i.e. a Z[ω]-lattice (cf. [2, Ch. 2, §2.6]). Namely, viewing
A⊕42 as a free Z[ω]-module of rank 4 with a basis {u1, . . . , u4} (for a moment, regarded
as just symbols), and define u5, u6 by the above relation (5.32), (5.33). Then the Z[ω]-
module generated by {ui (i ≤ 6)} gives a lattice∼= E8, if we define the pairing 〈ui, uj 〉 and
〈ui, ωuj 〉 in a natural way suggested by the corresponding 〈Pi, Pj 〉, etc.
We do not know whether this construction of E8 over Z[ω] is new or not. But this
observation might be useful in more general situation. In fact, it has been very helpful for
us in finding generators of the full Mordell-Weil latticeM , by viewing it as a Z[ζ5]-module.
See §7.
6. Computation of M1 = L+ L′
Now we let s = t − 1
t
and pass from E/k(s) to E/k(t). By the quadratic base
change k(t)/k(s), the rational elliptic surface over P1s becomes an elliptic K3 surface over
P1t without reducible fibres. The Mordell-Weil lattice M = E(k(t)) is an integral lattice
with minimal norm (height) 4 by the height formula (5.22) where we have χ = 2 for K3:
〈P,P 〉 = 4+ 2(PO) . (6.1)
We note that the singular fibre of type II at s = 0 induces the singular fibres of the same
type at t = 0 and t = ∞, which make it possible to consider two specialization homomor-
phisms.
60 T. SHIODA
6.1. Height 4 points of M = E(k(t)) and the specialization homomorphisms
Each point (or section) P = P(s) ∈ E(k(s)) is regarded as a point (or section) in
E(k(t)), and the height 〈P,P 〉 gets multiplied by 2 (= the degree of the base change) in
this process. In particular, any point of the form (5.2)




(s2 + as + b) , 1
u3





































and it has height 〈P,P 〉 = 2 · 2 = 4.
More generally, any point of height 4 in E(k(t)) takes the form:
Q =
(
a0 + a1t + a2t2 + a3t3 + a4t4
t2
,
b0 + b1t + b2t2 + b3t3 + b4t4 + b5t5 + b6t6
t3
) (6.3)
since the height formula (5.22) implies that (QO) = 0.
The specialization homomorphisms at v = ∞ and at v = 0
spv : E(k(t))→ k (6.4)
can be defined as before (cf. (5.9)). For the above pointQ, we have
sp0(Q) = a0
b0
, sp∞(Q) = a4
b6
. (6.5)
In particular, for P given by (6.2), we have
sp0(P ) = sp∞(P ) = u (u = sps=∞(P )) . (6.6)
Thus the previous notation sp∞ for s = ∞ and the present one for t = ∞ are compatible
for P ∈ E(k(s)).
So far we have looked at L = E(k(s)) ⊂ E(k(t)). As a sublattice ofE(k(t)), we have
L ∼= E8[2]. Now we consider L′ = E(k(s′)) ⊂ E(k(t)) introduced in §3. Recall that we
have the action of the automorphism of k(t)
σ : t → ζ5 · t ,
and we let s′ = sσ = ζ5t − 1/(ζ5t).
For P = P(s) ∈ E(k(s)), we have P ′ = Pσ = P(s′) ∈ L′ = E(k(s′)). As an
element of E(k(t)), P ′ is given by replacing t by ζ5t in (6.2), and hence we have
sp∞(P ′) = ζ−15 sp∞(P ) , sp0(P ′) = ζ5 sp∞(P ) . (6.7)
As shown in Prop.3.4, the sublattice M1 = L + L′ of M = E(k(t)) has rank 16. Let
us check this more directly via the specialization homomorphism sp∞. Namely we prove:
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PROPOSITION 6.1. Consider the 8 independent points of L in Prop. 5.6 and their
transform under the automorphism σ . Then the 16 elements so obtained in M1 = L + L′
are independent, and they generate a sublattice of finite index in M1.
Proof. By the specialization homomorphism sp∞, the 16 points in question are mapped
to the union of the 8 elements of (5.21) and their multiples by ζ−15 in view of (6.7), if we
divide the image by u1. Then it is easily seen that the 16 elements in k are linearly inde-
pendent over Q. Hence the 16 points of M1 given above are independent. 
PROPOSITION 6.2. The splitting field of E/Q(t) is K = Q(ω, ζ5, 3
√
10).
Proof. We have constructed 18 independent points inM = E(k(t)), i.e. the 16 points
of M1 = L+ L′ as above in Prop. 6.1 and two more points of E(k(T )) given in Prop. 4.1.
Note that all of them are defined over K, which is obviously the smallest extension of Q
with this property. Hence it is the splitting field of E/Q(t) by definition. 
6.2. The height computation
PROPOSITION 6.3. The determinant of the lattice M1 = L + L′ is equal to 54. In
other words, take any basis of L consisting of 8 elements {Ri (i ≤ 8)} and consider the
height matrix of the 16 elements {Ri,Rσi (i ≤ 8)}. Then its determinant is equal to 54.
Proof. Take the 8 generators of L = E(k(s)) given in Prop. 5.7. We need to compute
the height pairing for each pair of the 16 points (sections) in L+L′ ⊂ E(k(t)). The height
formula (5.23) says that for any sections P,Q of height 4 on our K3 surface S, we have
〈P,Q〉 = 2− (PQ) . (6.8)
The computation is similar to the case of the rational elliptic surface treated in §5.3, but it
is considerablly more involved, because we have to use the formula (5.25) for the points
P,Q of the form (6.3) with algebraic numbers as coefficients. At any rate, one can verify
the assertion that the height determinant is 54.
The above might be a bit too sketchy, and here is an alternative approach. In order to
avoid the complication caused by algebraic numbers and also to ease the task of printing the
resulting formulas, we pass to the reduction modulo p of our surface S, say S(p). Namely
we consider the elliptic surface defined by the same equation (1.1), but with coefficients in
the prime field Fp = Z/pZ (p > 5) instead of in Z ⊂ k. It is a K3 surface defined over Fp,
and we compute the height pairing there; see Cor. 6.7 at the end of §6.3. For this purpose,
we should choose a splitting prime p such that all the elements in the Mordell-Weil group
have coefficients in Fp. Since the splitting field K is Q(ω, ζ5, 3
√
10) by Prop. 6.2, we can
choose for example p = 271. In fact, we have the factorization in the polynomial ring
Fp[x] for p = 271 as follows:
x3 − 1= (x − 1)(x − 28)(x − 242) ,
x3 − 10= (x − 81)(x − 90)(x − 100) ,
x5 − 1= (x − 1)(x − 10)(x − 100)(x − 187)(x − 244) . (6.9)
Thus we can take ω = 28 and ζ5 = 10 in this case.
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Let k0 = Fp with p = 271. First let us consider E/k0(s), which defines a rational
elliptic surface over k0 withE(k0(s)) ∼= E8. The fundamental polynomialΦ(u6)modulo p
splits completely in Fp[u], and all the computaion done in §5 can now be performed in the
basic field k0 = Fp without making any extensions. In particular, we see that the following
8 points of height 2 give a set of generators of E(k0(s)):
R1 = (100(256+ s)2, 84(149+ 78s + 77s2 + s3))
R2 = (90(256+ s)2, 84(149+ 78s + 77s2 + s3))
R3 = (140(18+ s)2, 106((90+ 184s + 183s2 + s3))
R4 = (241(206+ 69s + s2), 261(32+ s)(110+ 165s + s2))
R5 = (56(31+ s)(177+ s), 79(40+ s)(52+ s)(237+ s))
R6 = (213(31+ s)(177+ s), 79(40+ s)(52+ s)(237+ s))
R7 = (139(61+ s)(222+ s), 268((237+ s)(238+ 37s + s2))
R8 = (241(39+ 13s + s2), 261(70+ s)(267+ 43s + s2)) . (6.10)




2 −1 0 0 0 0 1 0
−1 2 0 0 0 0 0 1
0 0 2 0 0 0 1 0
0 0 0 2 0 0 0 −1
0 0 0 0 2 −1 0 0
0 0 0 0 −1 2 −1 −1
1 0 1 0 0 −1 2 1




The determinant is equal to 1, and this implies that the 8 points are indeed a set of generators
of E(k0(s)) ∼= E8. 
Now we set s = t − 1/t and regard Ri ∈ E(k0(t)) (i ≤ 8). Then each value 〈Ri,Rj 〉
gets multiplied by 2 (= the degree of k0(t)/k0(s)), so the height matrix of the 8 points
Ri ∈ E(k0(t)) becomes 2m3.
On the other hand, we let
Ri+8 = R′i = Rσi = Ri |t→10t (1 ≤ i ≤ 8) (6.12)
(recall that ζ5 = 10 is a primitive 5-th root of unity in k0). The height matrix of the 8 points
R′i ∈ E(k0(t)) is also equal to 2m3, because we have 〈R′i , R′j 〉 = 〈Ri,Rj 〉 by the invariance
of the height pairing under a fibre-preserving automorphism. Therefore the height matrix







where each block is a 8 × 8 matrix. It remains to determine the part m4 = (〈Ri,R′j 〉)
(i, j ≤ 8).
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0 0 −1 0 0 0 −1 0
0 0 −1 0 0 0 0 0
−1 −1 −2 0 0 0 −2 −1
0 0 0 −2 −1 −1 1 2
0 0 0 −1 0 0 0 0
0 0 0 −1 0 0 0 1
−1 0 −2 1 0 0 −2 −1




If we admit this, we can compute the determinant of the 16 × 16 height matrix m,
(6.13), and verify that it has the desired value 625 = 54. This will complete the proof of
Prop. 6.3.
Proof. (of Lemma 6.4) For instance, look at the (1, 1)-entry of m4; it claims that
〈R1, R′1〉 = 0 . (6.15)
By the height formula (6.8), this is equivalent to claiming that the intersection number
(R1R
′
1) of the two sections (R1) and (R
′
1) is equal to 2. Equivalently, if we set P = R1−R′1,
then the intersection number (PO) is equal to 2.
This can be checked as follows: By definition, we have R1 = (x1, y1) where
x1 = 100(256+ s)2 = 100(256− 1/t + t)2
and
y1 = 84(149+ 78s + 77s2 + s3) = 84(−1+ 77t − 75t2 − 5t3 + 75t4 + 77t5 + t6)/t3 .
Similarly we have R′1 = (x2, y2) where
x2 = 100(256− 1/(10t)+ 10t)2 = 244(186+ t)2(219+ t)2/t2
and
y2 = 261(116+ 190t + 157t2 + t3)(82+ 121t + 203t2 + t3)/t3 .
Then the x-coordinate of P = R1 − R′1 is given by (5.25). Factoring x1 − x2 and y1 + y2
in Fp[t], we have
x1 − x2 = 127(244+ t2)(27+ 219t + t2)/t2 ,
and
y1 + y2 = 74(264+ 51t + t2)(12+ 113t + t2)(27+ 219t + t2)/t3 .
Thus the slope l = (y1 + y2)/(x1 − x2) in the formula (5.25) has a simple pole at the two
zeroes of 244+ t2, which implies that the intersection number (PO) = 2. (Recall that the
origin O of E is the point at infinity in the Weierstrass equation.) This proves the claim
(6.15).
In the same way, one can check all the entries of (6.14). Thus we finish the proof of
the lemma and of Prop. 6.3. 
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We write down the following properties of the 16 × 16 matrix m which will be used
later.
PROPOSITION 6.5. Let m be the integer matrix defined by (6.13). Then (i) the rank
of m modulo 5 (i.e. as a matrix with coefficients in F5 = Z/5Z) is 12, and its nullspace is
a 4-dimensional space over F5 generated by
(0, 0, 0, 2,−1,−1, 0, 0, 0, 0, 0,−2, 1, 1, 0, 0) (6.16)
and 3 more vectors. (ii) The matrix m modulo 2 is non-degenerate, and the nullspace over
F2 is trivial.
Proof. The first assertion (i) can be checked by computation, while (ii) is trivial since
detm = 54 ≡ 1 modulo 2. 
6.3. Primitivity of the latticeM1
The lattice M1 = L+ L′ shares the following property:
PROPOSITION 6.6. Any positive-definite lattice of rank 16 with det = 54 and mini-
mal norm 4 has no integral overlattice with the same minimal norm of finite index > 1.
Proof. Given such a lattice, sayN , its center density ([2]) is equal to 1/52. IfN ′ ⊃ N
is an overlattice with finite index ν, then we have detN ′ = detN/ν2 = (52/ν)2 for some ν
dividing 52. Hence its center density δ′ satisfies
δ′ = ν/52 .
If ν > 1, then we would have ν ≥ 5 so that δ′ ≥ 1/5. On the other hand, it is known that
the center density in dimension 16 has an upper bound β16 = 0.11774 (see [2, Table 1.2,
Ch. 1]). Hence we must have ν = 1. 
REMARK. The above argument has been used in our previous paper [19, §3]. When
we consider a good reduction mod p of our elliptic K3 surface S, as in the proof of
Prop. 6.3, we have a natural injection NS(S) ↪→ NS(S(p)) which induces an injection of
the Mordell-Weil latticesE(k(t)) ↪→ E(k̄0(t)) (k̄0 denotes the algebraic closure of k0). The
above proposition implies that if the rank stays the same, then we have NS(S) ∼= NS(S(p))
and E(k(t)) ∼= E(k̄0(t)) as lattices. (More general result is known in the surface theory
without appealing to the sphere packing bound.) At any rate, we note:
COROLLARY 6.7. For the elliptic K3 surface defined by (1.1), we have
E(k(t)) ∼= E(Fp(t))
for any splitting prime p (e.g. p = 271 as in §6).
Prop. 6.6 implies the primitivity of M1:
COROLLARY 6.8. Suppose P ∈ M = E(k(t)) has some mutiple nP ∈ M1 (n > 0),
then P itself belongs to M1.
Proof. Obvious. 
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7. Filling up the finite index [M : M0 +M1]
7.1. Bounding the index
Recall the notation from §3: M = E(k(t)), M0 = E(k(T )) and M1 = L + L′ with
L = E(k(s)), L′ = Lσ . As sublattices of M , we have M0 ∼= A2[10], L ∼= E8[2], L′ ∼=
E8[2], but M1 is not the orthogonal direct sum of L,L′.
The full Mordell-Weil latticeM = E(k(t)) of rank 18 containsM0+M1 as a sublattice
of finite index. Let us denote this index by ν:
ν = [M : M0 +M1] (7.1)
PROPOSITION 7.1. The sum M0 +M1 is an othogonal direct sum, and we have
det(M0 +M1) = 54 · 1023 = 56223 . (7.2)
Proof. It is enough to show that M0 and M1 are orthogonal. Take any P ∈ M0 and
Q ∈ M1, and let a = 〈P,Q〉. Then we have als
a = 〈P,Qσi 〉 (0 ≤ i ≤ 4)
















σ i is σ -invariant, it belongs to M0 ∩M1. But the latter is {0} by noting M1 =
L+ L′ and Prop. 3.3 (i). Hence we have 5a = 0, and a = 0. 
PROPOSITION 7.2. The index ν is a divisor of 522.
Proof. By (7.1) and (7.2), we have
detM = 56223/ν2 .






On the other hand, we recall the following fact from [2]:





where β18 is an upper bound for δ in dimension 18 and Λ18 is the record lattice in this
dimension.
Now if ν does not divide 522, ν must be either 53 or 532. But if this is the case, the
center density of M will exceed the bound, i.e. δ(M) > β18, which is a contradiction. 
7.2. New height 4 points in M
In the other direction, we show next that the index ν is divisible by 52.
66 T. SHIODA
PROPOSITION 7.3. There exists a point P ∈ M = E(k(t)) of height 4 such that
5P ∈ M0 +M1 but P ∈ M0 +M1. Moreover P and ωP generate a sublattice of M of
determinant 1023 when adjoined to M0 +M1.
Proof. Suppose P ∈ M = E(k(t)) is a point of height 4 such that 5P ∈ M0 +M1.




niRi + n′iR′i +Q (7.4)
for some integers ni, n′i andQ ∈ M0.
IfQ = O , then we have P ∈ M1 by the primitivity ofM1 (Cor. 6.8). So let us assume
P ∈ M1 andQ = O .



















(Recall that M0 and M1 are orthogonal, and the term for Q vanishes.) Thus the solution
(n1, . . . , n
′
1, . . . )modulo 5 belongs to the nullspace described in Prop. 6.5. Let us consider
the solution given by (6.16), and set
P̄ = 2R4 − R5 − R6 − 2R′4 + R′5 + R′6 ∈ M1 . (7.6)
Then it is easy to check that P̄ has height 40 and that we should have
5P = P̄ +Q (7.7)
for some Q ∈ M0 with height 60. (The height of 5P is equal to 52〈P,P 〉 = 100.)
Now the lattice M0 ∼= A2[10] has exactly six elements of height 60, corresponding
to the six elements of A2 of height 6. More explicitly, they are in the μ6-orbit of the
point (1 − ω)P0 where P0 ∈ E(k(T )) is given in §4 which is now regarded as a point of
M = E(k(t)) via the base change T = t5.
So far, we have considered the necessary condition for P , a possible point of height 4
in M satisfying the required condition. Now we show the existence of the point P deter-
mined by (7.7) and (7.6).
For this purpose, we consider the specialization homomorphims sp∞ and sp0 from
M = E(k(t)) to k (or from M = E(Fp(t)) to Fp). Noting that M0 is contained in the
kernel of the specialization homomorphims, we have
5 sp∞(P ) =
∑
i
nisp∞(Ri)+ n′i sp∞(R′i ) (7.8)
and
5 sp0(P ) =
∑
i
nisp0(Ri)+ n′i sp0(R′i ) . (7.9)
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Therefore P should be given by (6.3):
P =
(
a0 + a1t + a2t2 + a3t3 + a4t4
t2
,









nisp0(Ri)+ n′i sp0(R′i ) ,
and





nisp∞(Ri)+ n′isp∞(R′i ) .
The remaining coefficients a1, a2, a3, b1, . . . , b5 are to be determined by the elimi-
nation method. Carrying out the computation, we find (for the splitting prime p = 271)
a point of height 4 in M , not in M1 +M0:
P =
(
9(187+ 261t + 244t2 + 100t3 + t4)
t2
,




sp∞(P ) = u∞, sp0(P ) = u0 .
Furthermore a direct computation verifies that we have 5P = P̄ + Q where Q =
(ω2 − 1)P0 ∈ M0 = E(k0(t5)).
Finally P,ωP generate, together with M0 + M1, a sublattice M ′ of M such that
[M ′ : M0 +M1] = 52. 
PROPOSITION 7.4. The index ν = [M : M0 +M1] is not even.
Proof. Assuming that ν is even, let us derive a contradiction. If ν is even, there is





niRi + n′iR′i +Q (7.12)
for some integers ni, n′i and Q ∈ M0, Q = O . As before, this gives rise to a linear



















By Prop. 6.5 (ii), it has only trivial solution modulo 2. Hence all ni, n′i are even integers,
and we can rewrite (7.12) as
2P = 2P̄ +Q (7.14)
for some P̄ ∈ M1. This would imply thatQ ∈ M0 is divisible by 2 inM: i.e. Q = 2Q1 for
Q1 = P − P̄ ∈ M . IfQ1 does not belong toM0, then adjoiningQ1 to M0 will produce an
overlattice of finite index> 1, with the same minimal norm 20 as M0, which would have a
bigger density than M0. But this is absurd, because M0 ∼= A2[10] is the densest lattice in
dimension two (cf. [2]).
Therefore we have Q1 ∈ M0, and we obtain
P = P̄ +Q1 ∈ M1 +M0 .
Thus we have arrived at a contradiction. 
We have shown that ν = 52 and detM = 1023.
7.3. Summary and remarks
We have proven all the results formulated in §1. In particular, as a summary, we state
again:
THEOREM 7.5. The Mordell-Weil lattice M = E(k(t)) of the elliptic curve
E : y2 = x3 + t5 − 1
t5
− 11
is an even integral lattice of rank 18, which containsM0 ⊕M1 as a sublattice of index 52.
Here we let M0 = E(k(T )) and M1 = L+ L′, L = E(k(s)), L′ = E(k(s′)) with
T = t5, s = t − 1
t
, s′ = ζ5t − 1
ζ5t
.
The determinant and the center density of M are given by





















we observe that the lattice M can be compared rather delicately with the record lattice Λ18
in dimension 18. If the possibility for ν even remained to be true, then M would have had
a chance to have the center density 1/5
√
3 larger than Λ18.
2. The complex K3 surface S defined by the equation (1.1) is a singular K3 surface
(the Picard number 20) and our result above that detM = 1023 implies that the transcen-





∼= T (F (1)α,β)[5] (7.16)
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for the special case where α = 0, β = 11√−1/2 (cf. §2). In fact, this fact has been a
working hypothesis for the present paper, which, in turn, serves as a nontrivial evidence for
the validity of (7.16) in general.
We plan a general treatment on this subject as a sequel to [19]. In particular, we have
in mind a transcendental proof of (7.16) for all α, β.
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